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Abstract 

Starting from tree and one-loop tachyon amplitudes of open string theory in the presence of a 
, constant _B-ficld, we explore two problems. First we show that in the noncommutative field theory 

limit the amplitudes reduce to tree and one-loop diagrams of the noncommutative $ 3 theory. Next, 
we check factorization of the one- loop amplitudes in the long cylinder limit. 
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O ■ 1 Introduction 

^' 

The fact that string theory can not only be used as a candidate for unified theories but as a powerful tool 
Qh for computing perturbative field theory amplitudes is known since the early seventies. In the simplest 



case of a scalar field Scherk showed how to derive tree and one-loop diagrams of the $ theory from 



the dual model (pre-string theory) jlj, §]. Later this approach was extensively used in the framework of 
• Ch ! string theory by many people (see, e.g., [3-8], and ||] for a review). Recently, the idea that the spacetime 
^ ' coordinates do not commute draw much attention (see |]l0| and a list of references therein) . On the one 
hand, scalar noncommutative field theories were studied in [11-18]. On the other hand, it was realized 
that noncommutative geometry naturally appears in the framework of open string theory in the presence 
of a constant S-field. The purpose of this paper is to show that tree and one-loop diagrams of the 
noncommutative <3? 3 theory can be also derived from string amplitudes. 

Before starting our discussion of one loop diagrams of the noncommutative <3? 3 theory, we will make a 
detour and discuss open strings in the presence of a constant i?-field at the tree level (see, e.g., [l(]] and 
references therein). 

In this case the world-sheet action is given by 



l — f d 2 z UjdaX^Xi - 2ma'B tj e ab d a X l d b X j ) + V , (1-1) 
ra Jd 



4-Ka' 

where D means the string world-sheet, namely a disk, gij, Bij, ip are the constant metric, antisymmetric 
tensor and dilaton fields, respectively. X % map the world-sheet to the target space (Dp-brane) and 
i, j = l,...,d = p + 1. The world-sheet indices are denoted by a, b. The disk can be, of course, 
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conformally mapped to the upper half plane i.e., the region Imw > on the complex plane whose 
coordinate is w. 

To analyze open string theory defined by the world-sheet action one first has to determine the 

propagator. To do so, it is necessary to define the boundary conditions. They are [] 



g(d - d)&(w,w r ) + 2ira'B(d + d)®(w,w') = for Imw = . 
Here <3^'(w,w') = {X i (w)X^ (w')) and d = d/dw, 3 = d/dw. 



(1.2) 



Evaluated at boundary points, the propagator with these boundary conditions is [19, 1C] 



0(s, s') = -2dG- x In \s - s'\ + -9e(s - s') 



where 



G = (g -2ira'B)g- 1 (g + 27ra'B) , 9 = -(27ra') 2 (g + 2i:a l B)- 1 B(g - 2-ira'B)- 1 . 



(1.3) 



(1.4) 



s = Rew and e(s) is the step function that is 1 or —1 for positive or negative s. Following [jlO|| , we will 
refer to g, B as closed string parameters (variables) and G, 9 as open string parameters. There is an 
interesting point that we should mention about the tree level. The propagator between boundary points 
depends only on the open string parameters. 

Let us now define the open string tachyonic vertex operator 



V(k) 



ds e 



ik-X 



(1.5) 



where A ■ B = A{B l . A simple analysis shows that the vertex operator (its integrand) is a primary field 
of conformal dimension one as long as a'kG~ 1 k = 1. 

For M open string tachyons, the tree amplitude is given by 



A M = A(h, ...,k M )= Mo (a') A Gf Tr{\\ . . . \ M ) V d (V(h) . . . V{k M )) 

+ noncyclic permutations , where (...) = J VX 



'e~ s 



(1.6) 



Here A = ^-^M — ^. We split the integral into the integral over the zero mode X and the integral over 
nonzero modes. We use the following measure for the integral over the zero mode f\ 



V d 



J d p+1 xVG . 



This assumes that the dilaton field is redefined as 

<p = ip + \ In det (G (g + 2-kol'B) ^ 



(1.7) 



(11 



However, we have defined the open string coupling as G 2 S = e^ rather than G s = e v as it was done in 
0- 

Moreover, by dividing the invariant measure of the Mobius group in (|F^), three vertex operators are 
fixed to arbitrary positions on the boundary. Each vertex operator is related to a factor G s together 

1 For the sake of simplicity, we use the matrix notations here and below. 
2 We will give some motivations for such a definition in the next section. 
3 The zero mode integration includes the X-dependence in ( ) and gives a factor S kt). 
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with the Chan-Paton degrees of freedom. Thus the amplitude has the appropriate trace factor. A/o is a 
normalization constant (see, e.g., ||). 

In fact, there are two possibilities in taking the limit a' — > [10]. The first is to do so while keeping 
the closed string parameters g, B fixed. As a result, in this case one expects the ordinary <I> 3 theory. This 
is the standard field theory limit. The second one is to keep the open string theory parameters G, 6 fixed 
[]. The expected result now is the noncommutative $ 3 theory. This is the noncommutative field theory 
limit or Seiberg-Witten limit. Since we are interested in the noncommutative field theory we will mainly 
discuss the noncommutative field theory limit. 

The tree-tachyon amplitudes already show that the noncommutative field theory limit of string am- 
plitudes corresponds to tree-diagrams of the noncommutative <3> 3 theory with colour indices 

S = Tr J d p+1 xVdet G (^8^8% + ^m 2 ® 2 + ig $ * $ * , (1.9) 

where the coupling constant g depends on the open string coupling and string parameter as G s (a/)^ -6 ^ 4 . 
The *-product is defined by 

i_f\ij d d 

/(x)*V(x)=e 2 "v*** f(X + y)i(>(X + z) . (1.10) 

2 Open string one-loop amplitudes in the presence of constant 5-field 

2.1 General analysis 

The world-sheet action is now given by 

S = d 2 w {g ij 3 a X i d a X^ - 2ma'B ij e ab d a X i d b X3) , (2.1) 

where Ci denotes the string world-sheet for the one- loop orientable open string i.e., a cylinder (annulus). 
Note that there is no a constant dilaton field as the Euler characteristic of the cylinder is zero. We 
describe C2 as the region 

< Re w < 1 , w = w + 2ir 

on the complex plane whose metric is ds 2 = dwdw. A flat annulus with inner radius a and outer radius 
b can be obtained from the cylinder by 

z = aexp (—wlnq) , 

where the modular parameter of the annulus is given by q = a/b = exp (— -). 

To analyze open string theory defined by the world-sheet action (|2.1| ), we take a slight modification 
of the propagator found in |l9| . So, we define the boundary conditions as 



g^-&(w,w')-27ra'iB-^-(5(w,w') = l ™, ^ % °' (2.2) 
dx v ' dy y ' 1-TfF 



Both limits assume that the corresponding tachyon mass is treated as a free, but fixed parameter. 
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Here w = x + iy. The propagator with these boundary conditions is then 



&(w, w') 



i — 1 - 
-a g In up 



(w'—w) -^{w— w') 



2a / G" 1 ^ln 



n=l 



^2n-2+w+w' 



— a 



n=l 
1 oo 

— 9 Yin 



n=l 



2n+«/— «j 



^2n-2+«)+)j)' 



2n+to— «/ 



,2n— w— w' 



2n-2+w+w' 



,,2n—w—w' 



2n—w—w 



J2n-2+w+w' 



-1 



J2n—w—w' 



-1 



(2.3) 



Since we are interested in open string vertex operators that are inserted on the boundaries of the 
cylinder, we need to restrict the above propagator to the boundaries to get the relevant propagator. 
Evaluated at boundary points, it is 



0(2,, y') = ^a'g- 1 Inq- 2a / G" 1 In 



<8(y, y') = ±-i9e ± (y - y') - 2a' G' 1 In 



for x / x' , (2.4) 
for x = x' , (2-5) 



where ± correspond to x = 1 and x = 0, respectively. i?i and $4 are the Jacobi theta functions. We have 
also added constants to the propagators. They will be set to a convenient value in the next section. The 
e ± function excludes the zero mode contribution. Explicitly, it is given by 



±yyj it V l-Q l v 



<y) 



y 



(2.6) 



In fact, what we have found above considerably differs from what we had in section 1 where the 
theory (its open string sector) is completely described in terms of the open string parameters. In our 
present discussion, we have obtained that the closed string metric g no longer decouples. This fact has 
important consequences that we will discuss in the next section. 

One basic question we should ask now is how to determine the modular measure [cIt]b of open bosonic 
string with a constant B-neld in arbitrary dimension. For this it is crucial that the measure factorises as 
/(-£>) [(fr]o, where the -B-dependent factor is given by 

f(B) = det(l + 2^a'g- 1 B) . 

It was found by direct calculation in [19|. From Eq.(1.4)we get y/dstgf{B) = VdetG (see also (2§). 
Moreover, it was suggested in [21| that the original theory whose action is given by ([O]) or ( |2.lD can be 
also described by a simpler action 



S 



4W 



d 2 zG ij d a X l d a Xi 



(2.7) 



C 2 



while correlation functions of the vertex operators include the build in star products (0-dependence). It 
is easy to see that it indeed works at the tree-level where the ansatz is simply 



(Vi * V2 * ■ ■ ■ * Vn) 



(2. 
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In fact, it follows because the corresponding Chan-Paton factor is Tr(X\ . . . Xn) []. After this is under- 
stood, it becomes clear that the ^-dependence is more involved on higher loop levels where there are prod- 
ucts of traces. For example, in the case of interest the Chan-Paton factor is Tr{X\ . . . Xj^)Tr(X^ + i . . . Xm)- 
For N = 0otM — N = that corresponds to planar diagrams, the ansatz reduces to the above one. 
This also follows from the corresponding propagator (|2.5| ) . It is clear that for Nj^O, M — Nj^O that 
corresponds to non-planar diagrams, the ansatz (|2.8| ) has to be modified. In this case the propagators 
(p.4[)-( p3[ ) say us what to do. However, the measure is completely defined by the action ( |2.7| ) Q 

Thus the problem reduced to the old one namely, how to extend the modular measure of open string 
to arbitrary dimension. This has been much studied to compute perturbative field theory amplitudes 
via string theory in the a' — > limit (see, e.g., ||]). In making our further analysis, we will adopt the 
proposal in |23| according to which the interpretation of each factor is transparent. The measure is thus 



J[dT} = J^t-I [ V ( l r)r d , (2.9) 

where r\ is the Dedekind eta function. 

The question that immediately arises is whether this measure could be obtained directly from a 
calculation, for instance, along the lines of p3f| . At the tree- level, the commutation relations for the 
modes of X' 1 that follow from the action Q2.7|) are as usual namely, 



[X i ,pi]=2ia , GV , [c»4Xj = 2oW n+m . G« , (2.10) 

where p l = a l . Moreover, it turns out that the Virasoro generators don't depend on the zero modes X. 
So, one can formally repeat the standard analysis to build the physical states via states in the Fock space. 



Moreover, it also means that the tachyonic vertex operator is given by (1.5). d — 2 in ( |2.9| ) assumes that 
the reparametrization ghosts are included. 

The scattering amplitudes can be defined in two ways. One can modify the ansatz (2.8) to do it 
consistent with the 6 dependence that follows from the propagators or it can be done by 

An.m = A(ki, ...,k N ; fcjv+i,. • • , k M ) 

= Mi {a') A Gf Tr{\\ ...X N ) Tr(X N+1 . . . X M ) V d (V(h) . . . V(k M )) {2n) 

+ noncyclic permutations , (...) = J [dr]o J VX' e~ s . 

Here N vertex operators are attached to one boundary and M — N vertex operators to the other one 
as in figure 1. M\ is a proper normalization constant (see Q). The correlation functions of exponential 
operators are simply computed by using the explicit form of the propagator. 



5 A motivation for this analogy is due to matrix (reduced) models where a map from a matrix to a function A — > a(x) 
leads to AB — > a(x) * b(x) (see, e.g., |^] and references therein). 

6 It is well-known that string theory imposes restrictions on possible gauge groups introduced via the Chan-Paton method 
(see, e.g., and references therein). In the problem at hand the B-field may lead to a potential clash with the Chan-Paton 
method. So the question arises whether such a method is still consistent. We will show in the appendix that this is the case. 
However there exists the only allowed gauge group namely, U(N). 

7 In a general case one also has to add a constant dilaton field as x0- Here x i s the Euler characteristic. 
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So, the amplitudes are 
^v.m=M(2^)V) A/,W 



Gf Tr(\i ...X N ) Tr(X N+1 . . . X M )6 (j^ hj [ 



dr _.; 

T 



r-i [n{ir)f- d q^- 1 ^ 



M w N M 

n/ *n n 

i J0 i=lj=N+l 



i J ± \ — , 7 

/4 



N+l 



2 



1/1 I 2r ' r 



D(r) 



2a'k i G~ 1 k j 



N 



i<j 



'a (\Vij\ i 



2a'k i G- 1 k j 



D(r) 



+ noncyclic permutations 



where yij = yi~ yj and k = ^2 i=1 k 



N+l 



2x 



(2.12) 



Figure 1: The ordering of open string vertex operators on the cylinder. 

To complete the story, perhaps we should point out that the ^-dependence of planar diagrams is 
very simple. It reduces to an overall phase factor e~ 2 l ^i<j i i i.e., the same as for planar diagrams of 
noncommutative field theories lOl. 



2.2 Noncommutative field theory limit 

As discussed in the previous section, the noncommutative field theory limit is defined by a 1 — > at fixed 
m,G and 9 (i.e. g' 1 = — ^a')' 1 v * a -^ c l-(^-^))- On t ne other hand, it is well-known that only the 
neighbourhood of q = 1 or, equivalently r —* oo, contributes to the field theory limit (see, e.g., Q). The 
restriction to the r — > oo edge of the moduli space remains true also in the noncommutative field theory 
limit since finite values of r are even more suppressed due to the factor qz a kfl k in Eq.( 2.12j ) . 

The noncommutative field theory limit is also simply carried out by sending both r and y to infinity 
while keeping variables [] 



t = 2tt(x't , vi = yi/2r 



(2.13) 



finite. 



3 We disregard the pinching configurations that result in the one-particle reducible diagrams. 
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In this limit, the propagators become 

®(v,v') = ^6G6 + G-H (u - u'f - \v - u'\ for x + x' , (2.14) 

0(i/,z/) = ±-i6e ± {v - v') + G~H [y-vf- \v - v'\ for x = x . (2.15) 
At this point a couple of comments are in order. 

(i) The e x function defined by Eq,( |2.6j ) is related via J^e x (y) = 25 x (y) to the delta function that excludes 
the zero mode i.e., S ± (y) = 5(y) — l/2r. Naively, the difference between these e functions disappears in 
the r — > oo limit. In fact, this is not the case because the last term survives as far as the rescaling ( |2.13| ) 
is taken into account. Thus 

e± (u) = e(u)-2i> . (2.16) 

(ii) The difference between e and e x indeed disappears for all planar amplitudes as well as tree level 
amplitudes. In this case the zero mode contribution to the amplitudes ^^jPiOpjVij vanishes due to the 
momentum conservation ^2,Pi = 0. 

Thus, in the field theory limit the amplitudes (|2.12 ) become 



/ M \ N M 

^v.M=A^g A/ Tr(A 1 ...A^)Tr(A w+1 ...AA f W / 

\i=l / i<j N+l JO 



<3 



OO Jj 

— t M ~i e - m2 *- kok A 
t 



M rvi-i M N M 



X 



f] P 1 dvif[e t( - lu ^- u >i )k * G lk J Y[e iu ^ k * ek > Y[ e - iu ^ 9k i + noncyclic permutations , 



i u i<j i<j N+l 

i<j 



(2.17) 

where k o k = — |k(9G#k. To get this form we introduced the mass for the open string tachyon as 
m 2 = (2 — d) /24a' and used the relation between the open string coupling constant and the $ 3 theory 
coupling constant. 

We will conclude this subsection with a couple of examples to illustrate the use of the string amplitudes 
in practical calculations of one loop Feynman diagrams of the noncommutative <3? 3 theory. 

Example 1. As a warmup, let us consider the simplest nonplanar amplitude and, as by-product, 
reproduce a result of fl6fl. The amplitude (modulo a normalization constant) is given by 



roc rl 

A 1 , 2 = g 2 Tr{\ l )Tr{\ 2 )5{k l + k 2 ) dtt 1 '^^^-^ ^/* dv 1 e t ^- u ^ klG ~ lkl . (2.18) 

Jo Jo 

Here we fix the translational invariance on the cylinder by setting the second vertex operator at the origin 

i.e., v 2 = 0. 

The next step in finding the correspondence with the field theory diagram is to introduce new inte- 
gration variables which correspond to the Schwinger parameters 

ai = tv x , a 2 = t(l - vi) . (2.19) 

In terms of these variables, the amplitude is written as 

oo oo 

A 1 . 2 = g 2 Tr(X 1 )Tr(X 2 )5(k 1 + k 2 ) / ""i""2 _ e ~m (ox+a a ) e -^T+^l e ~ (sr+^) fclG kl . (2.20) 

J Q J Q (ai + q 2 ) 2 

It is now clear that what we have found is exactly the simplest nonplanar Feynman diagram of the 
noncommutative $ 3 theory as shown in Fig. 2. 



9 We have set D{t) = r" 1 {n{i/r)f 
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Figure 2: The simplest nonplanar diagram of the noncommutative <3? 3 theory. 



Before we give the next example, we first want to make one important remark. The point is that 
the second exponent, in fact, acts as an effective regulator of the otherwise UV divergent diagram. 
This interesting observation was made in [15, 16 1 by original analysis of perturbation expansions of 



noncommutative theories. In [jig] it was also suggested that the effect is due to the closed string metric 
and a stringy interpretation was given. It is based on the known fact that for B = the UV limit 
(r — > 0) of the open string channel corresponds to the IR limit for the closed string channel. What 
we found starting directly from open string theory with the -B-field is a little bit different. Indeed, the 
effect is due to the closed string metric but it has nothing common with the r — > limit for open 
string. As we have seen the crucial point is that the closed string metric g does not decouple from the 
propagator between boundary points in the noncommutative field theory limit i.e., r — * oo! So, in the 
noncommutative field theory limit there is effectively a signal of closed string sector. 

Example 2. The next example we would like to consider is the A 2 .x string amplitude. Here we 
fix the translational invariance on the cylinder by setting the fourth vertex operator at the origin i.e., 
vx = 0. We now can replace the multiple integral by a sum of ordered multiple integrals. This is clear 
just by substituting the expansion of unity that for the problem at hand (for ordered v\ and u 2 ) is 
1 = H(y2z) + ^(^13)^/(1/32) + H(y%\) 0. Now we can proceed along the lines of Q i.e., we rewrite the 
ordered integrals via the standard integrals over the Schwinger parameters. Let us explicitly illustrate 
how it works for the first term where the ordering is v\ > u 2 > z/3. In this case the corresponding 
contribution (modulo a normalization constant) is given by 



g 4 Tr(A 1 A 2 )Tr(A 3 A4)<5 (X>1 e^* 1 '* 3 *** 8 *** J™ ^-f e -m"t-kok/t 

x / dux / dv 2 / ^ 3 e^ 12fciefe2 -^ 3fc3efc4 ne* ( ^-^ )fclG " lfci rfe 2 * (iyi 
Jo Jo Jo i=1 f . 



(2.21) 

Vj—Vj)kiG~ 1 kj 



The Schwinger parameters can be introduced as 

ai = tux2 , a 2 = tv 2 3 , «3 = tv 3 , ax = t(l - u{) . (2.22) 



So, the expression ( 2.21| ) becomes 



/ 4 \ 4 oo 

g 4 Tr{\ 1 \ 2 ) Tr{X 3 Xx)5 f kA e -^ k ^+i k ^ J[ j d ai a"S e~ m2a e -i kok e ^^k 2 -a 3 k 3 e ki ) 

v _ — ( — OLiOLAkiG" 1 ^— aitt2^2C _1 fc2— ^otzkzG^kz— ot^4:kAG~ 1 k4 : — aiaz(k2+kz)G~ 1 (k2+k2,)—<y.2a4:kG~ 1 k) 

(2.23) 

where a = Ylt=i a «- ^ ^ s straightforward to get the Schwinger representation for the other terms. As a 
result, the amplitude A 2 ^ reduces to a sum of three nonplanar Feynman diagrams of the noncommutative 
$ 3 theory as shown in fig. 3. 

10 H means the Heaviside step function. 
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^ 4 k l k 4 k ] k 3 

Figure 3: Three nonplanar field theory diagrams that correspond to the A2.4 string amplitude. 



2.3 t -> limit 

Now we consider another limit: r — > while keeping all other parameters fixed. It is well-known that for 
B = this is the open string UV limit. Moreover, it is interpreted as a long-distance effect because the 
leading asymptotics are given by the closed string tachyon as well as the lightest closed string states. So, 
our purpose is to analyze what happens in the presence of the .B-field. 
In this limit, the propagators (|2.4|)-(f2~l]|) become 



for x 7^ x , 



(2.24) 



&(y,y') = -^g- 1 -2a'G' 1 lnr 
It 

<S(y,y') = ±^i6e ± (y-y') + 2a'G- 1 P(y-y')-2a'G- 1 lnT for x = x' . (2.25) 

Here P(y) = J2^Li h cos ^U- As in the r — > 00 case that we discussed first, it is useful to define new 
variables 



t 



ira 
~2t 



Vi = yi/2r . 



(2.26) 



Then we get the amplitudes (modulo a normalization constant) 



A-i / M 
\i=i 



N-l 



1 



k<7 1 k + m 2 
+ noncyclic permutations 



i=i 
M-l 



N 



i<j 



i=N+l 



Vi-l 



A I 



N+l 



v N =0 



v M =0 



(2.27) 



The translational invar iance is now fixed by setting = vm = 0. We also introduce the mass for the 
closed string tachyon as m 2 = (2 — d)/6a'. 

What we see from the above is that in the r — > limit for B 7^ the amplitudes factorize as in the 
case B = 0. There is no new effect here. So, the interpretation is the standard one as a long-distance 
effect with the asymptotics due to the closed string states. 



3 Concluding Comments 

What we have learned is that in the noncommutative field theory limit of open string theory with the 
-B-field at the one loop level there is a signal of closed string sector. To be more precise, we found that 
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6 appears not only via the *-product as it does at the tree level but via — \9G0 that corresponds to the 
closed string metric g. A recent analysis of noncommutative field theories assumes that some closed string 
modes already appear there |fl8[| . We do not see this explicitly in our analysis of the noncommutative 
field theory limit where we found only the closed string parameters rather than the modes. However, to 
be cautious, we should mention that we did not discuss singularities and their regularization. 

It is important to emphasize that the factor q^ a kfl k , or equivalently the (/-dependence of amplitudes, 
which is crucial for the noncommutative field theory limit of nonplanar diagrams is universal. It does 
not depend on the kind of vertex operators. This is clear because the effect is due to the first term in 
the propagator (2.4). It is a constant, so contributions come only from exponents. 



From the physical point of view it is more interesting to consider the noncommutative gauge theory. 
In fact, at the one- loop level it can be done along the lines of the present paper by considering the vertex 
operator for a gauge field 



V(£,k) = J ds£-d s Xe ik - x (3.1) 
instead of the tachyon operator (1.5). Then, the corresponding amplitudes are computed by using the 



propagators (p.4|)-(P^q) within the point splitting renormalization scheme [Hj]. We hope to return to this 
important problem in the near future [24|. 
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Appendix 

The purpose of this appendix is to show how restrictions on gauge groups arise within open string 
theory in the presence of the 5-field. In general, there are a variety of ways to do this. Here we will 
focus on the classical recipe [^5| which is based on simple factorization properties of string amplitudes. 
So, let us take the tree amplitude ( jl.6] ) and look at its factorization Am — ► Ap Am-p- It is well-known 
that the only novelty due to the .B-field is a phase factor 

M 



pf = JJ e -f fe ^ (A.l) 



l 

i<j 

that appears in the expression for the amplitude. The crucial fact for what follows is that due to 
momentum conservation obeys the factorization relation 

v m = v p v m +i . (A.2) 
With above formula the generalization of the classical analysis is straightforward. As a result, Eq. (6.1.11) 
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of [25] becomes 



Tr 



■XpP{ 



J2 Tr 



-) P Ap 



Ai (r[ 



\p+i 



x 1 ...x P r[-(-) p x P ...x 1 (v[) Ma, 

A« ( Ap+i • • • A M £p+i - (-) M ~ P A M • • • Ap + i ("Pp+i) 



Am • • • A 



p+i 



x Tr 



This equation is satisfied if a matrix 

A = Ax . . . A P P[ - (-) P X P ...X 1 (P[) _1 



(A.3) 



(A.4) 



belongs to the algebra of the matrices A,. It is known that in the case of 8 = the allowed gauge groups 
are U(n), SO(n) and USp{2n). To see what survives for nonzero 9 let us specialize to P = 2. Then the 
following direct algebra 



At = - (AiA 2 e -^ kl6k2 - A 2 A X e i fciefc2 ) = -A for A; G u{n) , (A.5) 

A T = — (AiA 2 e^ kldk2 - A 2 Ai e ~^ ek ^ ^ -A for A, G so(n) , (A.6) 

A T = s' 1 ( A 2 Ai e"5 fciefe2 - AiA 2 ei kl6k A s + -s~ x Xs for A, G nsp(n), where A^ = -s' 1 ^ (A.7) 



shows that the only surviver is U{n). The latter is in harmony with the result obtained within noncom- 
mutative gauge theory claiming that the noncommutative gauge transformation is consistent only for the 



unitary group U{n) (see e.g., [26]). 
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